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August 2003, Day 1, Question 1

For what values of o and 3 does the series
0

Z 1

“— n* (log (log n))? logn

converge? In this problem all logarithms are taken base 2, i.e. logz = log,

To solve this we appeal to the following fact, found as Theorem 3.27 in Prin-
ciples of Mathematical Analysis by Walter Rudin:

Suppose a; > as > az > --- > 0. Then the series Z | G, converges if
and only if the series

Z2ka2k :a1+2a2+4a4+8a8—|—~~
k=0

converges.

The terms of the given series satisfy the assumptions of this theorem. In this
case,
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B ; (logk)ﬁk.

If « <1, then 1 —a >0, 2" > 1, and asymptotically 2(=®* grows faster
than (log k)ﬂ k for any value of . Thus for a < 1, this series diverges regardless
of the value of j3.

On the other hand, if @ > 1, then 1 — o < 0, and 2'=* < 1, so 20-%* decays
rapidly. In this case,

i o(1—a)k 221 o
— (log k)" k (1 og2
= 12(21—04)’“
2k:2
L= g ok
< 52(21 )
k=0
_l( Y
T 2 \1-2ma) 5%



July 8, 2008 p

where we have used the fact that

= 1

E 2F = for |z| < 1.
1—=2

k=0

Note that [ played no role here. Hence if a > 1 the series converges regardless
of the value of (3.

Now we must consider o« = 1. If &« = 1 we have
=2

To determine appropriate values of 3, we appeal to Theorem 3.27 again:

log k
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The series in the last line converges if 7 > 1 and diverges if § < 1. Hence, if
a = 1, the original series converges of # > 1 and diverges if § < 1.



